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Based on the strong-field approximation, we obtain analytical expressions for the initial mo-
mentum at the tunnel exit and instantaneous ionization rate of tunneling ionization in elliptically
polarized laser fields with arbitrary ellipticity. The tunneling electron reveals a nonzero offset of the
initial momentum at the tunnel exit in the elliptically polarized laser field. We find that the trans-
verse and longitudinal components of this momentum offset with respect to the instantaneous field
direction are directly related to the time derivatives of the instantaneous laser electric field along
the angular and radial directions, respectively. We further show that the nonzero initial momentum
at the tunnel exit has a significant influence on the laser phase dependence of the instantaneous
ionization rate in the nonadiabatic tunneling regime.
I. INTRODUCTION
Tunneling ionization is a fundamental process in the
interaction of an atom or a molecule with a strong laser
pulse. An initial theoretical understanding on the tun-
neling ionization in an alternating electric field can be
traced back to Keldysh’s picture [1]. This picture was
extended to elliptically polarized laser fields by Perelo-
mov et al. [2–4], which is known as Perelomov-Popov-
Terentev (PPT) theory. Based on Keldysh’s work and
the PPT theory, the Ammosov-Delone-Krainov (ADK)
model [5, 6] is regarded as the limit when the Keldysh
parameter (γ = ω
√
2Ip/E , where E is the laser field am-
plitude, ω is the field frequency, and Ip is the ionization
potential) is close to zero (quasistatic limit).
The ionization rates by those pioneering works are ob-
tained averaging over a single period of the electric fields
oscillation. To study the electron subcycle dynamics in
tunneling ionization, it is necessary to investigate the ion-
ization rate as a function of instantaneous laser phase. In
the quasistatic limit, the instantaneous ionization rate
and the initial momentum at the tunnel exit can be ob-
tained from the ADK theory. In the ADK model, the
instantaneous ionization rate is a function of the instan-
taneous electric field and the ionization potential, but
not the function of the laser frequency. Moreover, the
initial momentum along the laser field direction (longitu-
dinal momentum) at the tunnel exit is usually assumed
to be zero, and the initial transverse momentum at the
tunnel exit is a Gaussian distribution centered at zero.
In a typical experimental condition with a Keldysh pa-
rameter of ∼ 1, the ADK model becomes inaccurate.
Yudin and Ivanov studied the instantaneous ionization
rate including the nonadiabatic effect in a linearly polar-
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ized laser pulse assuming a zero initial momentum of the
liberated electron [7]. Based on their result, they found
that the laser phase dependence of the instantaneous ion-
ization rate in the nonadiabatic tunneling regime reveals
a much broader distribution than the quasistatic limit.
Bondar further derived an analytical formula for the in-
stantaneous ionization rate with no assumptions on the
electron momentum [8], in which the ionization rate is a
function of the electron final momentum. Recently, Li et
al. have obtained analytical expressions for the instanta-
neous ionization rates as functions of the laser phase and
the initial momentum at the tunnel exit [9]. Using dif-
ferent simulated methods, the instantaneous ionization
rates can also be obtained [10–12]. Those expressions
of the instantaneous ionization rate are significant for
the improvement of many semiclassical models in strong-
field physics such as the classical-trajectory Monte Carlo
model [13] and quantum-trajectory Monte Carlo model
[14–16].
Tunneling ionization in elliptically polarized laser field
is much more complex than that in a linearly polarized
laser field because not only the magnitude but also the
direction of the laser field vary rapidly [17–21]. The accu-
rate description of the instantaneous ionization rate and
the initial momentum at the tunnel exit in elliptically
polarized laser field is crucial for the study of attosec-
ond angular streaking [18, 19], nonsequential double ion-
ization [20, 21] and elliptically polarized high-harmonic
generation [22]. Up to now, an analytical expression for
the instantaneous ionization rate in elliptically polarized
laser pulses has not been obtained.
In this paper, we derive analytical expressions for the
initial momentum at the tunnel exit and the instanta-
neous ionization rate from tunneling ionization in ellip-
tically polarized laser fields based on the strong-field ap-
proximation (SFA) [23, 24]. Our model including the
Coulomb correction can agree well with a recent experi-
ment [25]. We prove that the initial transverse and longi-
tudinal momentum offsets at the tunnel exit with respect
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2to the instantaneous laser field direction are directly re-
lated to the time derivatives of the instantaneous ellip-
tically polarized laser field along the angular and radial
directions, respectively. Because of nonzero initial mo-
mentum at the tunnel exit, the laser phase dependence
of the nonadiabatic instantaneous ionization rate with
the Keldysh parameter of ∼ 1 shows only a small differ-
ence with the quasistatic limit in the elliptically polarized
laser pulse.
II. SUBCYCLE NONADIABATIC TUNNELING
MODEL
To obtain the analytical expressions for the initial mo-
mentum at the tunnel exit and the instantaneous ioniza-
tion rate, we have developed a subcycle nonadiabatic tun-
neling model in an elliptically polarized laser field based
on the SFA. The elliptically polarized laser field with an
arbitrary ellipticity  is given by the vector potential and
the electric field, respectively,
A(t) = −E
ω
sin(ωt)ex + 
E
ω
cos(ωt)ey,
E(t) = E cos(ωt)ex + E sin(ωt)ey.
(1)
Based on the SFA involving the quantum orbits [23,
24], the transition rate from the ground state to a con-
tinuum state p = pxex + pyey can be calculated with
exponential accuracy,
W ∝ exp{−2ImS}, (2)
S = −
∫ t0
ts
dt{1
2
[p+A(t)]2 + Ip}, (3)
where S is the classical action under the barrier, ts is the
complex transition point, and t0 is a point on the real
axis of t (the ionization time).
Substituting the laser field of Eq. (1) into Eq. (3), the
classical action under the barrier can be rewritten as
S = i(
p2x + p
2
y
2
+ Ip + Up)ti
− px E
ω2
[cos(ωt0)− cos(ωts)]
− py E
ω2
[sin(ωt0)− sin(ωts)]
+
(1− 2)E2
8ω3
[sin(2ωt0)− sin(2ωts)],
(4)
where ti is the imaginary parts of the saddle-point time ts
[26, 27] and Up =
(1+2)E2
4ω2 is the ponderomotive energy.
The real part of Eq. (4) is related to a phase shift for
the trajectory under the barrier [28], while the imaginary
part is related to the ionization rate. Here we are more
interested in the ionization rate. Thus, we obtain
G ≡ ImS = (p
2
x + p
2
y
2
+ Ip + Up)ti
− px E
ω2
sin(ωt0) sinh(ωti)
+ py
E
ω2
cos(ωt0) sinh(ωti)
− (1− 
2)E2
8ω3
cos(2ωt0) sinh(2ωti).
(5)
Using the relation between the final canonical momen-
tum p and the initial momentum at the tunnel exit v,
i.e., v(t0) = p+A(t0), one obtains
px = sgn(Ex)
[
v||/
√
1 + 2 tan2(ωt0)
− v⊥ tan(ωt0)/
√
1 + 2 tan2(ωt0)
]
+ E sin(ωt0)/ω
py = sgn(Ex)
[
v|| tan(ωt0)/
√
1 + 2 tan2(ωt0)
+ v⊥/
√
1 + 2 tan2(ωt0)
]
− E cos(ωt0)/ω,
(6)
where sgn(Ex) = 1 for Ex > 0, and sgn(Ex) = −1 for
Ex < 0. v|| and v⊥ are the initial longitudinal and trans-
verse momenta at the tunnel exit with respect to the in-
stantaneous laser field, respectively. v|| is positive when
the direction is the same as the instantaneous laser field
direction, and v⊥ is positive when the direction is the
same as the instantaneous rotating direction of the laser
field.
Substituting Eq. (6) into Eq. (5), we obtain that
G = [
v2|| + v
2
⊥
2
+
E2
2ω2
(1 + 2 − a2) + Ip + Up
+
Ev||
2aω
(1− 2) sin(2ωt0)− Ev⊥
aω
]ti
− Ev||
2aω2
(1− 2) sin(2ωt0) sinh(ωti) + Ev⊥
aω2
sinh(ωti)
− E
2
ω3
(1 + 2 − a2)− (1− 
2)E2
8ω3
cos(2ωt0) sinh(2ωti),
(7)
where a = |E(t0)|/E =
√
cos2(ωt0) + 2 sin
2(ωt0) is the
normalized instantaneous laser field, and it is directly
related to the laser phase when the electron exits the
tunneling barrier [29]. a = 1 when the ionization occurs
along the major axis of the laser ellipse while a = ||
when the ionization occurs along the minor axis.
The most probable initial transverse momentum v⊥ at
the tunnel exit at the instant of t0 is determined by the
condition
∂G/∂v⊥ = (v⊥ − E
aω
)ti +
E
aω2
sinh(ωti) = 0. (8)
Thus,
v⊥ = − E
aω
[
sinh(ωti)
ωti
− 1]. (9)
3Further using the saddle-point equation,
1
2
[p+A(ts)]
2 + Ip = 0. (10)
One obtains the initial longitudinal and transverse mo-
menta at the tunnel exit [29]:
v|| =
(1− 2)E sin(2ωt0)
2aω
[cosh(ωti)− 1], (11)
v⊥ =
aE
ω
{
√
sinh2(ωti)− γ2/a2
− 
a2
[cosh(ωti)− 1]}.
(12)
Combining Eq. (9) and Eq. (12), one obtains that the
imaginary time ti ≡ τ/ω should satisfy the transcen-
dental equation for the most probable trajectory at the
instant of t0,√
sinh2 τ − γ
2
a2
=

a2
(cosh τ − sinh τ
τ
). (13)
Substituting Eqs. (11), (12), and (13) into Eq. (7), one
obtains the instantaneous ionization rate with exponen-
tial accuracy,
W ∝ exp[−2Ip
ω
f(γ, , a)], (14)
where
f(γ, , a) = [
1 + 2 − 2a2
γ2
sinh2 τ +
3(1 + 2)
2γ2
− a
2
γ2
+ 2]τ − 1
2
(
3(1 + 2)
2γ2
− a
2
γ2
) sinh(2τ).
(15)
The above analytical model differs from the pioneering
PPT model in which only the ionization occurring along
the major axis of the laser ellipse is considered [3].
Next, we establish the relation between the electron
initial momentum at the tunnel exit and the instanta-
neous laser electric field. The instantaneous angular ve-
locity of the laser field is ω′ = dθdt with θ = tan
−1 Ey
Ex . One
can obtain the normalized instantaneous angular veloc-
ity,
α =
ω′
ω
=

a2
. (16)
Similarly, the instantaneous radial velocity of the laser
field is ω′′ = d|E(t)||E(t)|dt with |E(t)| =
√Ex(t)2 + Ey(t)2.
Thus one obtains the normalized instantaneous radial ve-
locity,
β =
ω′′
ω
= − (1− 
2) sin(2ωt0)
2a2
. (17)
Comparing Eqs. (16) and (17) with Eqs. (9) and (11),
we obtain the initial longitudinal and transverse mo-
menta at the tunnel exit for the most probable trajectory
at the ionization time of t0,
v|| = −β aE
ω
(cosh τ − 1), (18)
v⊥ = −αaE
ω
(
sinh τ
τ
− 1). (19)
From Eqs. (18) and (19), one knows that the longitu-
dinal component of the initial momenum for the most
probable trajectory is directly related to the normalized
instantaneous radial velocity, while its transverse compo-
nent is directly related to the normalized instantaneous
angular velocity of the laser electric field in elliptically
polarized laser pulses.
III. RESULTS AND DISCUSSIONS
Equations (13), (15), (18), and (19) are the main re-
sults of this paper. In the following, we consider some
special cases in order to establish connections of this
model with previous results.
(1) In the case of  = 0 (linear polarization), Eq. (13)
becomes sinh τ = γ/a. Thus we obtain that the ini-
tial longitudinal and transverse momenta for the most
probable trajectory are v|| =
E sin(ωt0)
ω (
√
1 + γ
2
a2 − 1) and
v⊥ = 0, respectively, and Eq. (15) is changed to
f(γ,  = 0, a) = [
1 + 2 sin2(ωt0)
2γ2
+
1
a2
] sinh−1
γ
a
− 1 + 2 sin
2(ωt0)
2γ2
γ
a
√
1 +
γ
a
2
.
(20)
This is one of the main results in Ref. [9], and the initial
longitudinal momentum at the tunnel exit has recently
been confirmed in an experiment [30].
Further considering the case of a = 1 in a linearly
polarized laser field, e.g., t0 = 0, the most probable initial
momenta are v|| = 0 and v⊥ = 0. In this limit, we obtain
the original Keldysh formula [1],
f(γ,  = 0, a = 1) = (
1
2γ2
+ 1) sinh−1 γ
−
√
1 + γ2
2γ
.
(21)
(2) In the case of  = 1 (circular polarization), a is
equal to 1 for arbitrary ionization time, and thus Eq. (13)
becomes
√
sinh2 τ − γ2 = cosh τ− sinh ττ . The most prob-
able initial momenta are v|| = 0 and v⊥ = Eω (
sinh τ
τ − 1).
Equation (15) is rewritten as
f(γ,  = 1, a = 1) =
2(1 + γ2)
γ2
τ − 1
γ2
sinh(2τ). (22)
(3) In the case of a = 1 (e.g., t0 = 0) for an arbi-
trary ellipticity value, v|| = 0 and v⊥ = Eω (
sinh τ
τ − 1).
Equation (15) can be rewritten as
f(γ, , a = 1) = (1 +
1 + 2
2γ2
)τ
− 1 + 
2 − 22(1− tanh ττ )
2γ2
sinh τ cosh τ,
(23)
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FIG. 1. The momentum drift with respect to the electron
emission angle in elliptically polarized laser fields with the
electric field ratio Ex/Ey of 0.86 (a) and 1.4 (b). The nona-
diabatic results with and without including the Coulomb cor-
rection are shown by the blue and red curves, respectively.
The adiabatic results with zero initial momentum at the tun-
nel exit are shown by the gray dashed lines. The experimental
results are taken from Ref. [25].
where τ is determined by the transcendental equation
of
√
sinh2 τ − γ2 = (cosh τ − sinh ττ ). This result is the
same as the PPT model [3, 31].
(4) In the case of a =  (e.g., ωt0 = pi/2) for an ar-
bitrary ellipticity value, v|| = 0 and v⊥ = Eω (
sinh τ
τ − 1).
Equation (15) can be rewritten as
f(γ, , a = ) = (1 +
1 + 2
2γ2
)τ
− 1 + 
2 − 2(1− tanh ττ )
2γ2
sinh τ cosh τ,
(24)
where τ is determined by the equation of√
sinh2 τ − γ2/2 = 1 (cosh τ − sinh ττ ). This is con-
sistent with our recent work [25].
To further validate the present nonadiabatic tunnel-
ing theory, we show in Fig. 1 the momentum drift with
respect to the emission angle for two ellipticities. The ex-
perimental data are taken from our recent work [25]. To
consider the Coulomb correction, we calculate the elec-
tron final momentum by numerically solving the classical
Newtonian equation with consideration of the Coulomb
potential. The initial position of the Newtonian equation
is set to be the tunnel exit point, which is obtained by
r(t0) =
∫ t0
ts
dt[p+A(t)]. The final emission angle and the
momentum drift are calculated by ϕ = tan−1 px/py and
pr =
√
p2x + p
2
y, where px and py are the final electron
momenta along the major and minor axes of the laser
ellipse, respectively. One can see that the nonadiabatic
model including the Coulomb correction agrees well with
the measurement, while the prediction of the adiabatic
model is much smaller than the experiment at both el-
lipticity values.
The difference between the adiabatic and nonadiabatic
results mainly comes from the effect of the initial momen-
tum at the tunnel exit. The nonadiabic model predicts
nonzero initial momentum at the tunnel exit according to
Eqs. (18) and (19), whereas the adiabatic model assumes
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FIG. 2. (a, b) The initial transverse momentum (black curves
with squares) and initial longitudinal momentum (red curves
with dots) offsets at the tunnel exit for the most probable tra-
jectory as a function of the ionization time at ellipticities of
0.9 and 0.5, respectively. The solid gray lines show the initial
transverse momentum at the tunnel exit predicted by the adi-
abatic theory [32] at the corresponding ellipticities. The blue
curves show the laser electric field along the x direction with
arbitrary units. (c, d) The most probable initial transverse
and longitudinal momenta with respect to the ellipticity and
the ionization time, respectively. The gray regions correspond
to where we have not found the solutions for the transcenden-
tal equation of Eq. (13). The Keldysh parameter is 0.91 for
all ellipticities.
zero initial momentum for the most probable trajectory.
Thus the initial momentum at the tunnel exit plays a
crucial role on the final electron momentum distribution.
In Figs. 2(a) and 2(b), we show the initial transverse and
longitudinal momenta at the tunnel exit for the most
probable electron trajectory at ellipticities of 0.9 and 0.5,
respectively (E = 0.79 a.u.). At the ellipticity of 0.9, both
v|| and v⊥ oscillate with the ionization time with an am-
plitude of ∼ 0.05 a.u. The absolute value of the initial
transverse momentum is much larger than that of the ini-
tial longitudinal momentum. At the ellipticity of 0.5, the
absolute value of the initial transverse momentum is very
small near the field maximum and it becomes large when
the ionization time approaches 0.25T or 0.75T . The ini-
tial longitudinal momentum at  = 0.5 is nearly linear
with the ionization time.
For comparison, we also show the initial transverse mo-
mentum predicted by the adiabatic theory [32] with the
solid gray lines. The adiabatic theory was developed in
Ref. [33] for finite-range potentials and arbitrary polar-
ization of the laser field, which amounts to the asymp-
totics of the solution to the time-dependent Schro¨dinger
equation when the adiabatic parameter approaches zero.
For a long laser pulse, the adiabatic parameter is defined
as ω/∆E in the adiabatic theory, where ω is the laser
frequency and ∆E is the energy spacing between the ini-
tial state and the nearest eigenstate of the atom. With
further considering the first-order nonadiabatic correc-
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FIG. 3. (a, b) The instantaneous ionization rate with respect
to the ellipticity and the ionization time using the nonadia-
batic theory and the ADK theory, respectively. (c, d) Line-
outs taken at ellipticities of 0.9 and 0.1, respectively. The
data are normalized to the ionization rate at the field maxi-
mum for each ellipticity. The Keldysh parameter is 0.91 for
all ellipticities.
tion in the adiabatic theory, i.e., Eq. (45) of Ref. [32], the
initial transverse momentum at the tunnel exit can be
expressed as v⊥ =
√
2Ip
6 γi, where γi is the instantaneous
effective Keldysh parameter [25]. Using the laser field of
Eq. (1), the initial transverse momentum can be rewrit-
ten as v⊥ =
ωIp
3a3E in the elliptically polarized laser field.
One can see that the initial transverse momentum mo-
menta predicted by the adiabatic theory [32] is close to
the results predicted by our model.
Figures 2(c) and 2(d) show the initial transverse and
longitudinal momenta at the tunnel exit for the most
probable trajectory with respect to the ellipticity and
the ionization time. The gray regions in Figs. 2(c) and
2(d) correspond to where we have not found the solutions
for the transcendental equation of Eq. (13). For a near
linearly polarized laser field ( << 1), the absolute value
of the initial transverse momentum is very small. With
increasing the ellipticity, the absolute value of the initial
transverse momentum becomes larger at the maximum of
the laser field. The absolute value of the initial transverse
momentum becomes much larger when the laser elliptic-
ity is within [0.5, 0.8] at the laser minima of t0 = 0.25T
and t0 = 0.75T . As shown in Fig. 2(d), the most prob-
able initial longitudinal momentum at the tunnel exit
is zero at the laser extremum because of the vanishing
instantaneous radial velocity of the laser field. When
the ionization occurs away from the laser extremum, the
absolute value of the initial longitudinal momentum be-
comes large. The most probable longitudinal momentum
approaches zero for all ionization times when the laser
ellipticity is very close to 1.
We next concentrate on the instantaneous ionization
rate by the subcycle nonadiabatic tunneling theory. Fig-
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FIG. 4. (a) The ionization rate with respect to the peak laser
field (E) with a = 1, i.e., only the ionization along the major
axis of the laser ellipse is considered. (b) The instantaneous
ionization rate with respect to the instantaneous electric field
(aE) within one quarter laser cycle for E = 0.08 a.u.. The
laser ellipticity is 0.5 for both panels. Note the ionization
rate is shown in logarithmic scale.
ure 3(a) shows the instantaneous ionization rate with
respect to the ellipticity and the ionization time using
Eqs. (14) and (15). The data are normalized to the ion-
ization rate at the field maximum for each ellipticity. For
comparison, the result based on the adiabatic ADK the-
ory [5, 6] is shown in Fig. 3(b). Here we have neglected
the preexponential factor for the ADK theory. One can
see that the laser phase dependence of the instantaneous
ionization rate from the subcycle nonadiabatic tunnel-
ing theory is very similar to the quasistatic limit, i.e.,
the ADK result. The lineouts taken at the ellipticities
of 0.9 and 0.1 are shown in Figs. 3(c) and 3(d), respec-
tively. The distribution of the normalized ionization rate
is nearly the same for the nonadiabatic and adiabatic re-
sults at both ellipticities. This is different with the result
in Ref. [7], where the nonadiabatic instantaneous ioniza-
tion rate as a function of the laser phase is much broader
than that of the quasistatic ADK theory.
The main difference of the instantaneous ionization
rate between this work and Ref. [7] is that we have in-
cluded the effect of the initial momentum at the tunnel
exit in this work. To show the effect of the initial momen-
tum at the tunnel exit on the instantaneous ionization
rate, we compare two cases in Fig. 4 using our model. Fig-
ure 4(a) shows the ionization rate (in logarithmic scale)
with respect to the peak electric field E (equivalent to the
intensity) with a = 1, while Fig. 4(b) shows the ioniza-
tion rate with respect to the instantaneous electric field
within a quarter of cycle. In both cases, the range of
the electric field (aE) is the same. Using the adiabatic
tunneling theory, i.e., ADK theory, the ionization rates
are the same for Figs. 4(a) and 4(b), as shown by the
red solid curves. However, the nonadiabatic ionization
6rate differs significantly for those two cases. As shown
in Fig. 4(a), the nonadiabatic ionization rate decreases
more slowly than the ADK result with the decrease of
the peak electric field, which is consistent with the PPT
theory [2–4]. In contrast, the instantaneous ionization
rate in Fig. 4(b) decreases much faster than the ADK
theory with the decreasing of the instantaneous electric
field strength. This comes from the effect of the initial
momentum at the tunnel exit. With decreasing the laser
electric field strength within a quarter of the laser cy-
cle, the electron obtains a large initial momentum at the
tunnel exit. This makes it more difficult for the electron
to penetrate the tunneling barrier. As a result, the in-
stantaneous ionization rate decreases more rapidly than
expected. Therefore, the instantaneous ionization rate as
a function of the laser phase is different with the ioniza-
tion rate as a function of the laser peak field strength.
Considering that the electron is mainly released near the
field maximum when  << 1, the phase dependence of
the nonadiabatic instantaneous ionization rate can be ap-
proximated by the ADK tunneling formula in the typical
condition of elliptically polarized laser pulses, as shown
in Fig. 3.
IV. CONCLUSION
In summary, we have derived analytical expressions for
the most probable initial momentum at the tunnel exit
and the instantaneous ionization rate for tunneling ion-
ization in an elliptically polarized laser pulse with arbi-
trary ellipticity. We find that the initial transverse mo-
mentum for the most probable trajectory is directly re-
lated to the instantaneous angular velocity of the laser
field while its initial longitudinal momentum is directly
related to the instantaneous radial velocity of the laser
field in the elliptically polarized laser pulse. Due to the
nonzero initial momentum at the tunnel exit, the laser
phase dependence of the instantaneous ionization rate
shows a small difference with the quasistatic limit under
typical experimental conditions in the elliptically polar-
ized laser field. Our study concerns only the exponential
dependence of the nonadiabatic tunneling process. Fur-
ther including the preexponential factor taken from the
PPT theory [2–4] will make the present study more com-
plete. Recently, it has been shown that the magnetic
quantum number plays an important role in the tunnel-
ing ionization in elliptically or circularly polarized laser
fields [34–39], which mainly affects the preexponential
factor of the ionization rate. Thus our study will have
significant applications for investigating the effect of the
magnetic quantum number on tunneling ionization in el-
liptically or circularly polarized laser pulses.
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